In general relativity, relativistic gravity gradiometry involves the measurement of the relativistic tidal matrix, which is theoretically obtained from the projection of the Riemann curvature tensor onto the orthonormal tetrad frame of an observer. The observer's 4-velocity vector defines its local temporal axis and its local spatial frame is defined by a set of three orthonormal nonrotating gyro directions. The general tidal matrix for the timelike geodesics of Kerr spacetime has been calculated by Marck [17]. We are interested in the measured components of the curvature tensor along the inclined "circular" geodesic orbit of a test mass about a slowly rotating astronomical object of mass M and angular momentum J. Therefore, we specialize Marck's results to such a "circular" orbit that is tilted with respect to the equatorial plane of the Kerr source. To linear order in J, we recover the Mashhoon-Theiss effect [12] , which is due to a small denominator ("resonance") phenomenon involving the frequency of geodetic precession. The Mashhoon-Theiss effect shows up as a special long-period gravitomagnetic part of the relativistic tidal matrix; moreover, the effect's short-term manifestations are contained in certain post-Newtonian secular terms. The physical interpretation of this gravitomagnetic beat phenomenon is briefly discussed.
I. INTRODUCTION
In Newton's theory of gravitation, gravity gradiometry involves the measurement and study of the variations in the acceleration of gravity. Imagine two nearby test masses m a and m b falling freely in the gravitational potential U of external sources. Let ξ = x a (t) − x b (t) be the instantaneous deviation between the trajectories of the two neighboring masses; then, it follows from Newton's second law of motion that to linear order in ξ,
where, in this tidal equation, κ ij is the Newtonian tidal matrix,
evaluated along, say, x a (t), taken to be the reference trajectory. In the source-free region under consideration here, Poisson's equation for U reduces to Laplace's equation ∇ 2 U = 0. The tidal matrix is thus symmetric and traceless; moreover, each element of the Newtonian tidal matrix is a harmonic function, since in this case ∇ 2 κ ij = 0. It is clear from the tidal Eq. (1) that when tides dominate, the shape of a tidally deformed body would generally tend to either a cigar-like or a pancake-like configuration, since the traceless tidal matrix can in general have either two positive and one negative or two negative and one positive eigenvalues, respectively. It is important to note that the tidal matrix is completely independent of the test masses as a consequence of the universality of gravitational interaction, namely, the principle of equivalence of gravitational and inertial masses. Historically, the science of gravity gradiometry goes back to Eötvös, who used a torsion-balance method to test the principle of equivalence . The magnitude of a gravity gradient is expressed in units of Eötvös, 1 E =10 −9 s −2 . Gravity gradiometry has many significant practical applications. Furthermore, gravity gradiometers of high sensitivity have been developed that are suitable for use in basic physics experiments. In this connection, we must mention the highly sensitive superconducting gravity gradiometer developed by Paik et al., which employs superconducting quantum interference devices (SQUIDs) [1] [2] [3] . Regarding possible future space applications, gravity gradiometry has also become possible using atom interferometry [4, 5] .
Relativistic gravity gradiometry involves the measurement of the Riemannian curvature of spacetime. In Einstein's general relativity (GR), the gravitational field is represented by the spacetime curvature. When an observer measures a gravitational field, the curvature tensor must be projected onto the tetrad frame of the observer. Imagine an observer following a future directed timelike geodesic world line x µ (τ ) in spacetime, where τ is the proper time of the observer along the geodesic. The observer carries an orthonormal parallel-propagated tetrad frame λ µα , g µν λ µα λ νβ = ηαβ , Dλ
where λ µ0 = dx µ /dτ is the unit timelike tangent vector that is the observer's 4-velocity and λ µî , i = 1, 2, 3, are unit spacelike "gyroscope" directions that form the local spatial frame of the observer. In display (3) , ηαβ is the Minkowski metric given by diag(−1, 1, 1, 1); in our convention, the signature of the metric is +2 and we choose units such that G = c = 1, unless specified otherwise. The measured components of the Riemann tensor are then the scalars given by Rαβγδ = R µνρσ λ µα λ νβ λ ργ λ σδ .
It is interesting to take into account the symmetries of the Riemann tensor and express Eq. (4) in the standard manner as a 6 × 6 matrix (R AB ), where A and B are indices that belong to the set {01, 02, 03, 23, 31, 12}. The general form of this matrix is
where E and S are symmetric 3 × 3 matrices and H is traceless. Here, H † is the transpose of matrix H. The relativistic tidal matrix E represents the measured gravitoelectric components of the Riemann curvature tensor, while H and S represent its gravitomagnetic and spatial components, respectively [6, 7] . In the vacuum region exterior to material sources and free of nongravitational fields, the spacetime is Ricci flat as a consequence of Einstein's field equations of GR and the measured components of the curvature tensor are then given by
where E and H are symmetric and traceless. In this case, the Riemann curvature tensor degenerates into the Weyl conformal curvature tensor whose gravitoelectric and gravitomagnetic components are then
where C * αβγδ is the unique dual of the Weyl tensor given by
since the right and left duals of the Weyl tensor coincide. Here, η µνρσ is the Levi-Civita tensor and in our convention, η0123 = 1, while η0âbĉ = ǫâbĉ. Let us note that
Consider next a congruence of free test masses ("observers") following geodesics in a gravitational field. We choose a reference observer in this congruence and set up a Fermi coordinate system along its world line. This amounts to constructing a local quasi-inertial system of coordinates in the immediate neighborhood of the reference observer [8] . Let λ µα (τ ) be the natural orthonormal tetrad frame that is parallel transported along the path of the reference observer as in display (3). The quasi-inertial Fermi system with Fermi coordinates Xμ = (T, X) is a natural geodesic reference system along the world line of the observer and is based on the nonrotating orthonormal tetrad frame λ µα . Along the reference geodesic T = τ , X = 0 and gμν = ημν by construction. The Fermi coordinates are admissible within a cylindrical spacetime region around the world line of the reference observer of radius ∼ R, where R is the radius of curvature of spacetime [9] .
The geodesic equation in these Fermi coordinates is the equation of motion of a free test particle in the congruence relative to the reference observer that is fixed at the spatial origin of Fermi coordinates. It can be expressed as
which is valid to linear order in the separation X. This geodesic deviation equation is a generalized Jacobi equation [9] in which the rate of geodesic separation (i.e., the relative velocity of the test particle) V = dX/dT is in general arbitrary (|V| < 1 at X = 0). It is clear from Eq. (10) that all of the curvature components in Eq. (4) can be measured from a careful study of the motion of the test masses in the congruence relative to the fiducial observer. Neglecting terms in relative velocity, Eq. (10) reduces to the Jacobi equation, namely,
which is the relativistic analog of the Newtonian tidal equation given by Eq. (1). In Eq. (11),
which is an element of the symmetric matrix E evaluated along the reference geodesic. This relativistic tidal matrix reduces in the nonrelativistic limit to the Newtonian tidal matrix (2) . The exterior gravitomagnetic field of the Earth has recently been measured directly via the Gravity Probe B ("GP-B") experiment [10] , which involved four superconducting gyroscopes and a telescope that were launched in 2004 into a polar orbit about the Earth aboard a drag-free satellite. The gravitomagnetic field of a rotating mass can also influence the relative (tidal) acceleration of nearby test particles via its contribution to the spacetime curvature. In 1980, Braginsky and Polnarev [11] proposed an experiment to measure the relativistic rotation-dependent tidal acceleration of the Earth in a space platform in orbit around the Earth, since they claimed that such an approach could circumvent many of the difficulties associated with the GP-B experiment. However, Mashhoon and Theiss [12] demonstrated that to measure the relativistic rotation-dependent tidal acceleration in a space platform, the local gyroscopes carried by the space platform must satisfy the same performance criteria as in the GP-B experiment.
In future space experiments, it may be possible to combine the achievements of the GP-B with Paik's superconducting gravity gradiometer [13] in order to measure the tidal influence of the gravitomagnetic field using an orbiting platform [14, 15] . The main purpose of this paper is to clarify the nature of the tidal matrix in such experiments.
II. GRAVITY GRADIOMETRY IN KERR SPACETIME
Let us first consider the exterior Kerr spacetime with the metric [16] 
where M is the mass of the gravitational source, a = J/M is the specific angular momentum of the source, (t, r, θ, φ) are the standard Boyer-Lindquist coordinates and
In this paper, we consider a test mass m and assume that its trajectory is a future directed timelike geodesic world line about a Kerr source. The Kerr metric contains the gravitoelectric and gravitomagnetic potentials U and V, which correspond to the mass and angular momentum of the source, respectively, and are given by the dimensionless quantities
For instance, in the case of the Earth with r ≈ R ⊕ = 6.4 × 10 8 cm, we have U ⊕ ≈ 6 × 10 −10 and V ⊕ ≈ 4 × 10 −16 . Therefore, for the exterior of the Earth
is a quantity that is < 10 −6 . Furthermore, let us define ratio ρ(r) by
so that ρ(r) is independent of the speed of light c as well as dimensionless. For the exterior of the Earth,
It turns out that ρ(r) will play a significant role in the considerations of this paper. If we ignore, for the sake of simplicity, terms of order (a/r) 2 and higher in the treatment of the Kerr metric, Eq. (13) reduces to the Schwarzschild metric plus the Thirring-Lense term, namely,
We recall that the exterior vacuum field of a spherically symmetric source in general relativity is static and is uniquely given by the Schwarzschild metric. Small deviations of the source from spherical symmetry can be treated via perturbations of the Schwarzschild metric. This general approach leads to the post-Schwarzschild approximation scheme. It will be employed later on in this paper using the gravitational field given by metric (19) for the treatment of the Mashhoon-Theiss effect [12] , which appears in the gravitomagnetic part of the relativistic tidal matrix when neighboring test particles follow an inclined "circular" orbit about a slowly rotating mass. It is important to emphasize that in Eq. (19) , the mass of the gravitating source is taken into account to all orders, while the angular momentum of the source is taken into account only to linear order-see Section VII. The rest of the present section is devoted to a discussion of future directed timelike geodesic orbits and their parallel-propagated tetrad frames in the exterior Kerr spacetime.
A. Circular Equatorial Geodesics
Imagine a stable circular geodesic orbit of fixed radius r 0 in the equatorial (x, y) plane with θ = π/2. As is well known, such orbits exist from infinity all the way down to the last stable circular geodesic orbits r (LSO)± , which are solutions of the equation
We use the convention that the upper (lower) sign refers to orbits where m rotates in the same (opposite) sense as the source. For r < r (LSO)± , there are unstable circular orbits that end at the null circular geodesic orbits given by
We define the Keplerian frequency ω 0 for the circular orbits of radius r 0 under consideration here as
The sign of ω 0 would normally indicate the sense of the orbit; however, it is interesting to note that in Eqs. (20) and (21), a prograde orbit becomes retrograde and vice versa when a → −a. In the field of a central rotating mass, an orbit can in general be either prograde or retrograde; therefore, it is natural to expect that certain orbital properties would depend upon a ω 0 , see below. The reference world line is a geodesic; hence,
where τ is the proper time along the fiducial equatorial geodesic such that t = τ = 0 at φ = ϕ 0 , ϕ 0 is a constant angle and
It is clear from a comparison of Eqs. (21) and (24) that N = 0 in the limiting case of null circular orbits. In connection with the timelike and azimuthal Killing vectors ∂ t and ∂ φ of the background Kerr spacetime, the reference geodesic path has constants of motion, namely, specific energy E and orbital angular momentum Φ, respectively, given by
Furthermore, Carter's constant K, associated with the Killing-Yano tensor of Kerr spacetime, is given for the circular geodesic orbit by [17] 
1. Tetrad Frame λ µα Next, we must determine λα = λ µα ∂ µ , which is an orthonormal tetrad frame that undergoes parallel propagation along the reference geodesic world line with λ µ0 = dx µ /dτ . To this end, let us first consider the natural tetrad frame field Λα = Λ µα ∂ µ carried by the static observers in the exterior Kerr spacetime. In terms of the BoyerLindquist coordinates, the natural orthonormal tetrad of the static observers in the equatorial plane along the (t, r, θ, φ) coordinate directions is given by
where
Let us now subject this tetrad frame field, restricted to be along the fiducial orbit at r = r 0 , to a Lorentz boost with speedβ, Λ µα →λ µα , such thatλ0 = λ0 is the unit vector tangent to the reference world line. In this way, we get an orthonormal tetrad frame along the fiducial orbit given bỹ
where (β,γ) is a Lorentz pair. That is,γ is the Lorentz factor corresponding to speedβ. This Lorentz pair can be determined fromλ0 = λ0; hence, we findβ
where ∆ 0 := ∆(r = r 0 ) and, similarly, A 0 := A(r = r 0 ), namely,
It follows from display (31) that, for a > 0 as in Figure 1 ,β is positive (negative) for prograde (retrograde) orbits; moreover,γ diverges at the null orbits (N = 0). It is clear from our construction of the boosted tetrad that the spatial triadλâ, a = 1, 2, 3, points primarily along the spherical polar coordinate directions, namely, the radial, normal and tangential directions with respect to the circular orbit, see Figure 1 . Intuitively, to have a frame that is parallel propagated, we need to rotate the boosted frame back, as illustrated in Figure 1 . That is, we must solve the parallel transport equations for the angle Ψ such that the resulting tetrad λα would be parallel propagated along the orbit. Thus we have
The covariant derivative of λâ vanishes along the orbit; hence, we find
where we have assumed that Ψ = 0 at τ = 0. Any other parallel-transported spatial frame along the orbit can be determined from λâ by a constant rotation involving, for instance, three constant Euler angles. The difference between the angles φ and Ψ in Figure 1 is due to the precession of an ideal gyro in the field of a rotating mass. Indeed, which, to first order in M/r 0 ≪ 1 and a/r 0 ≪ 1 can be written as
In the equatorial plane, the difference between these angles is due to a combination of prograde geodetic and retrograde gravitomagnetic precessions. The end result of our approach to the construction of the frame λα along the circular geodesic orbit of test mass m in the equatorial plane of exterior Kerr geometry can be given in (t, r, θ, φ) coordinates as
It is important to recognize that the parallel-propagated spatial frame is unique up to a constant spatial rotation.
Measured Components of Curvature
The projection of the Weyl tensor on the frame λα along the circular orbit in the equatorial plane of the source-free exterior region of spacetime under consideration may be expressed in the standard manner as
where E and H are 3 × 3 symmetric and traceless matrices containing respectively the gravitoelectric and gravitomagnetic components of the Weyl curvature tensor. Here,
is constant and is given by k 2 = 3γ 2 − 2,
In these equations, (β, γ) is a new Lorentz pair given by
We note that for the null orbits (N = 0), γ diverges and as a → 0, (β, γ) → (β,γ) in the Schwarzschild limit. To linear order in a/r 0 ≪ 1, we can write
and
where u is the dimensionless quantity
which is much less than unity for the practical considerations that have motivated this work. In particular, for orbits around the Earth with ω 0 > 0, u < U ⊕ and β > 0, since r 2 0 ω 0 > a. This relation follows from ρ(r 0 ) = a ω 0 /(c 2 u) < 3 × 10 −2 by Eq. (18). The measured components of the curvature are periodic in this case; in fact, the gravitoelectric part (i.e., the relativistic tidal matrix) consists of constant terms plus Fourier terms that vary with frequency 2 ω 0 with respect to proper time τ , while the gravitomagnetic terms are all off-diagonal and vary with frequency ω 0 with respect to τ . It is intuitively clear that the periodic nature of the measured curvature components would be preserved under a constant rotation of the spatial frame.
It is interesting to observe that when 0
] for the circular orbits under consideration; in fact, β is positive (negative) for a prograde (retrograde) orbit and |β| ∼ √ u far away from the source (r 0 ≫ 2M ). Therefore, β → 0 as r 0 → ∞; hence |β| monotonically decreases from 1/2 to zero as r 0 increases from r (LSO)± to infinity. On the other hand, when a > M , β is always negative for retrograde orbits, but is not always positive for prograde orbits; indeed, β vanishes for a prograde orbit of radius r 0 = a 2 /M . Our results for the relativistic tidal matrix E are in agreement with the work of Marck [17] .
Components of Curvature Projected onλα
To gain further insight into the nature of the measured components of curvature, it is interesting to study the projection of the Weyl tensor on the frameλα that is rotated by angle Ψ relative to frame λα as in Eq. (33) . In this case, the measured components of the curvature tensor are
where (Ẽ,H) are related to (E, H) via rotation (33) . Let us denote the transformation of the triad in Eq. (33) by the rotation matrix S, S † = S −1 , where
Under such a rotation, it is straightforward to show that the gravitoelectric part (i.e., the relativistic tidal matrix) and the gravitomagnetic part of the Weyl tensor undergo a similarity transformation, namely,
which can be expressed in components as 
It is clear that transformations (47) and (48) can be simply reversed if Ψ is replaced by −Ψ.
For the circular equatorial geodesic under consideration, we find from the inverse of the transformations (47)- (48) 
We recover the expected diagonal Newtonian tides in the gravitoelectric components of the curvature tensor as (β, γ) → (0, 1) for r 0 → ∞. These results are clearly consistent with the nature of the frame under consideration, which corresponds to the radial, normal and tangential directions along the circular geodesic orbit. In this natural frame, we note the presence of only off-diagonal gravitomagnetic components of the curvature tensor.
B. Marck's Frame for an Arbitrary Geodesic Orbit
We now turn our attention to an arbitrary geodesic world line in the exterior Kerr spacetime. As is well known, the geodesic equation can be integrated in this case and the first integrals of the motion are given by
Marck's Tetrad Frame λ µα
Marck has shown how the procedure we followed for a circular orbit can be generalized to an arbitrary geodesic in the exterior Kerr spacetime [17] . Using Kerr's Killing-Yano tensor f µν = −f νµ , whose nonvanishing components are given by
and which satisfies
together with λ µ0 = dx µ /dτ , the 4-velocity of an arbitrary geodesic, one can construct L µ = f µν λ ν0 . This vector is then orthogonal to λ0 and is parallel propagated along the geodesic orbit. Carter's constant is defined by K := L µ L µ , so that K is positive by construction, since L µ is a spacelike vector. Moreover, K is constant along the orbit. In this way, Marck obtained
Next, Marck found by inspectionλ µ1 andλ µ3 , which together withλ µ2 = λ µ2 andλ µ0 = λ µ0 form an orthonormal tetrad frame. However, to get a frame that is parallel propagated, one must find Ψ such that λ1 =λ1 cos Ψ −λ3 sin Ψ , λ3 =λ1 sin Ψ +λ3 cos Ψ .
The result is [17] 
which must be integrated along the orbit to determine Ψ. Explicitly, for a general orbit given by Eqs. (50)-(53), Marck's tetrad coframe can be obtained from
where an overdot denotes differentiation with respect to proper time τ , and
To avoid confusion here, we mention that we denote frame vectors and coframe 1-forms using the same symbol, namely,λα. We find, using the results given by Marck [17] , that
V 0 = −a cos θṙ + ar sin θθ ,
For a recent discussion of Marck's frame, see Ref. [18] .
III. TILTED SPHERICAL ORBIT ABOUT A SLOWLY ROTATING MASS
We now wish to work out Marck's tetrad system for the tilted "circular" Keplerian orbit of a test mass m about a slowly rotating astronomical mass M . Henceforward, the orbit will be assumed to have a positive Keplerian frequency ω 0 > 0. We will do this calculation in several steps, starting with a circular orbit in the exterior Schwarzschild spacetime.
A. Equatorial Circular Orbit with a = 0
Let us return to the stable circular orbit in the equatorial (x, y) plane of Kerr spacetime and turn off the rotation of the source, i.e., we set J = 0. Then, the Schwarzschild circular orbit with ω 0 > 0 is given by
Here, we have introduced
Moreover, for the orbit under consideration here, the specific energy E 0 , specific orbital angular momentum Φ 0 and Carter's constant K 0 are now given by
B. Tilted Circular Orbit with a = 0
Because of spherical symmetry we can have an arbitrary stable circular Keplerian orbit around a Schwarzschild source. We first need to choose such an orbit and later perturb it to linear order in a = J/M . To this end, let us consider the transformation from the background space to the tilted orbital plane. We first consider a rotation about the z axis by an angle ψ
Next, we rotate about x ′ axis by the tilt angle α
A general rotation of spatial axes would involve three rotation angles. For an arbitrary orbit, we therefore need another rotation about z ′′ axis; however, such a rotation is redundant as the orbit is circular in the (x ′′ , y ′′ ) plane. Therefore, we write the parametric equations of the orbit as
where r 0 is the radius of the circular orbit and η 0 is a constant angle. It proves useful to define η,
Transforming back to the coordinates (x ′ , y ′ , z ′ ), we have for the parametric equations of the orbit
Finally, in terms of (x, y, z) coordinates we find x = r 0 (cos ψ cos η − cos α sin ψ sin η) , y = r 0 (sin ψ cos η + cos α cos ψ sin η) , z = r 0 sin α sin η .
In polar coordinates x = r 0 sin θ cos φ, y = r 0 sin θ sin φ and z = r 0 cos θ, the parametric equations of the orbit can be summarized as
In order to recover Eq. (65) for α = 0, we set
Equations (73) simplify in the case of small inclination; that is, for α ≪ 1,
so that in polar coordinates we have to linear order in α
Let us now return to the general case and note that in display (74), we can write
It is useful to define χ such that tan χ = cos α tan η .
Then, it follows from Eq. (78) that φ = ψ + χ. On the other hand, we know from Eq. (75) that ψ = ϕ 0 − η 0 . Putting all these results together, we conclude that the general tilted circular geodesic orbit in Schwarzschild spacetime is given by
where η = ω τ + η 0 . Next, substituting Eq. (80) in the geodesic Eqs. (50)- (53), we find the generalization of Eq. (67) for the general tilted circular orbit, namely,
This orbit is depicted in Figure 2 . Before we leave Schwarzschild spacetime, it is useful to collect here some formulas for future reference; that is, u = M/r 0 ,
C. Tilted "Circular" Orbit to Linear Order in a = J/M Let us now turn on rotation, but only to first order in the small dimensionless parameter a/r 0 . It turns out that at this order of approximation the geodesic equation allows r = r 0 to remain constant, but the orbit is no longer planar. Thus we have a tilted spherical orbit in a slowly rotating Kerr spacetime. Indeed, regular spherical orbits in Kerr spacetime have been studied in detail [19] ; however, the orbits under consideration here are tilted spherical orbits. In practice, the tilted spherical orbit is in effect "circular", as it tends to stay rather close to a circular orbit.
To simplify the analysis, let us define functionsθ(τ ) andφ(τ ) as follows:
where, as before, η = ω τ + η 0 . We note that cosθ = sin α sin η and sinceθ : 0 → π, we have sinθ ≥ 0 and
Moreover,
Then, the perturbed "circular" orbit to linear order in a is assumed to be of the form
where T , Θ and F are to be determined from the solution of the geodesic equation in Kerr spacetime to linear order in a/r 0 such that at τ = 0, T (0) = Θ(0) = F (0) = 0. It follows from a detailed examination of the geodesic equation that
It is useful to write the orbital equations as 
where K > 0 for an orbit around the Earth by Eq. (18) . Equations (90) and (91) are derived in Appendix A.
IV. TETRAD FRAME FOR THE TILTED SPHERICAL ORBIT
The spherical orbit (90) represents the geodesic world line of the test mass m in Kerr spacetime linearized in a. Therefore, we specialize the general results of Marck for this specific orbit under consideration here in order to find the spatial frame for this orbit. Integrating Eq. (58), we obtain
where we have set the constant of integration equal to zero for the sake of consistency with the Schwarzschild limit. Next, we must now work outλ1,λ2 andλ3 for this spherical orbit. It follows from Eqs. (60)-(64) that the coframe is given bỹ
Let us now computeλ µ1 ,λ µ2 andλ µ3 . Along the orbit,λ µî = g µνλ νî , where the inverse metric to linear order in a is given by
We find that the frame is given bỹ
As before, with an abuse of notation, we have denoted frame vectors and coframe 1-forms using the same symbol, namely,λα. Moreover, we recall that Θ is given in Eq. (88), so that aΘ = θ −θ and we have to first order in the Kerr rotation parameter a sin θ = sinθ + aΘ cosθ .
To first order in α,
and hence the spatial frame (96) simplifies such that one recovers previous results given in Ref. [20] , which were obtained by a different method based on directly integrating in this case the equations in display (3). In this connection, it is important to notice that three typographical errors occur in Ref. [20] that must be corrected: In Eq. (22) of Ref. [20] , r 0 in the denominator of the last term must be replaced by the speed of light c. Furthermore, in Eqs. (11) and (13) of Ref. [20] , the temporal components must be divided by c.
V. MEASURED CURVATURE COMPONENTS FOR THE SPHERICAL ORBIT
Let us first express the projection of the Weyl tensor on the tetrad frameλα associated with the spherical orbit under consideration here. We find that
Here we have defined
such that for α = 0, they reduce to γ and −3γ 2 β, respectively, to linear order in a/r 0 , see Eqs. (41) and (42). Moreover,
where ξ is the dimensionless quantity ρ, defined in Eq. (17), evaluated along the spherical orbit, namely,
When α = 0, so that the inclination of the orbit vanishes, the spherical orbit turns into the circular equatorial orbit with Ξ = Υ = 0 and Eq. (100) reduces to Eq. (49).
It is now straightforward to use Eqs. (47)-(48) with Ψ = ω 0 τ from Eq. (92) to find the components of E and H. The main results of this paper are thus
The tidal matrix (106) agrees with the results of Marck [17] , when Marck's tidal matrix is linearized in angular momentum J and specialized to the tilted spherical orbit under consideration in this paper. The expressions for E12 and E23 contain the Mashhoon-Theiss effect [12] .
It is important to note that for a = 0, the spherical orbit reduces to the inclined circular orbit in the exterior Schwarzschild spacetime, which is depicted in Figure 2 . Moreover, E and H for a = 0 become independent of inclination α as a consequence of the spherical symmetry of the background gravitational field; indeed, they reduce to the corresponding quantities given in Eq. (38) when we set a = 0. Let us recall here that in this case the components of E and H are all periodic in proper time τ . That is, the relativistic tidal matrix varies with frequency 2 ω 0 with respect to τ , while the components of H are all off-diagonal and vary with frequency ω 0 with respect to τ .
We recover from these results to first order in a/r 0 and with α = 0, the measured components of the curvature for the equatorial circular orbit in Kerr spacetime. Moreover, to first order in α, Eq. (106) reduces to the results given in Ref. [20] . It is important to note that even though there are secular terms proportional to τ in both the inclined spherical orbit (90) and the components of the spatial frame, cf. Eqs. (96) and (97), the measured curvature components (106)-(107) do not contain such terms. Indeed, except for E22 that is independent of time τ , the rest involve periodic variations with respect to τ . In particular, the time-dependent components of the tidal matrix (Eâb) contain Fourier terms with frequencies 2 ω 0 , ω + ω 0 and ω − ω 0 with respect to proper time τ ; similarly, the elements of (Hâb) involve Fourier terms with frequencies ω, ω 0 , 2 ω 0 + ω and 2 ω 0 − ω. Furthermore, while the relativistic tidal matrix naturally contains purely Newtonian terms as well as their general relativistic corrections, the gravitomagnetic components of the curvature, (Hâb), all vanish as 1/c, when we formally let c → ∞.
It is interesting to consider the eigenvalues of the matrices E and H. These eigenvalues are invariant under similarity transformations of these matrices; therefore, we can calculate the eigenvalues just as well usingẼ andH. It is straightforward to see from Eq. (100) that the eigenvalues of E are given to linear order in a/r 0 by
since Ξ 2 is of second order in a/r 0 and can be neglected. It is remarkable that the eigenvalues of the tidal matrix E are independent of time. This circumstance is consistent with the notion that the Mashhoon-Theiss effect [12] comes about as a consequence of the parallel propagation of the observer's frame. Similarly, the eigenvalues of H are given to linear order in a/r 0 by
A. Relativistic Tidal Matrix Eâb
Inspection of the relativistic tidal matrix, Eq. (106), reveals that, except for E12 and E23 that are proportional to Ξ and have dominant amplitudes proportional to ω 2 0 ξ, the other elements of the tidal matrix contain expected Newtonian and post-Newtonian terms. In fact, the off-diagonal components of E that are proportional to Ξ represent the Mashhoon-Theiss effect [12] . Moreover, the other components contain expected Newtonian terms proportional to ω 
These Newtonian and dominant post-Newtonian amplitudes occur in the first detailed post-Newtonian ("pN") treatment of the tidal matrix presented in Refs. [14, 15] . However, as pointed out in Ref. [15] , if the frame that is employed is parallel transported, then in the post-Newonian approximation certain secular terms occur in the tidal matrix as well. In Ref. [15] , a more complete treatment that would take the secular terms into account was deferred to a future publication. The promised secular terms, which are the short-term manifestations of the Mashhoon-Theiss effect [12] , are given in the following section.
B. Secular Terms in Eâb
According to general relativity, the response of a gradiometer in orbit about the Earth is the projection of the Earth's Riemann curvature tensor onto the parallel-transported tetrad frame of the gradiometer. We naturally assume that the spatial frame of the gradiometer is determined by three orthogonal gyroscopes, while its temporal axis is fixed by the gradiometer orbit. Let us first consider the secular motion of the gyroscopes as they orbit the Earth.
The motion of an ideal test gyroscope with spin S in orbit about a central rotating source of mass M and angular momentum J has been thoroughly studied in the first post-Newtonian approximation [10] and the result can be expressed as
|x| = r and ℓ = x×v is the specific angular momentum of the orbit of the gyroscope. Here, Ω ge is the (gravitoelectric) geodetic precession frequency of the gyroscope, while Ω gm is its gravitomagnetic precession frequency. These precession frequencies have been directly measured via Gravity Probe B [10] , which involved four superconducting gyroscopes and a telescope that were launched on 20 April 2004 into a polar Earth orbit of radius 642 km aboard a drag-free satellite. The post-Newtonian equation for the motion of the spin describes the slow precession of the spin vector, which is cumulative. That is, in contrast to the "fast" orbital motion, the geodetic and gravitomagnetic motions of the spin vector are "slow", with long periods proportional to c 2 . We therefore expect that over a period of time τ , corresponding to the duration of a satellite gradiometry experiment in an inclined spherical orbit of radius r 0 , the motion of the spatial frame of the gradiometer would accumulate geodetic and gravitomagnetic precession angles of order
respectively. These results are consistent with Eq. (36) for the parallel propagation of the spatial frame along an equatorial circular geodesic orbit in the exterior Kerr spacetime. In practice, the projection of the Riemann tensor onto the tetrad frame of the gradiometer necessitates detailed calculations in which the symmetries of the Riemann tensor need to be taken into account; that is, Eâb = R0â0b, which is given by Eq. (4). If, after such detailed calculations, any post-Newtonian secular terms survive in the final result, we would expect them to be of the type presented in display (114) multiplied by ω 
respectively. It is an important consequence of general relativity (GR) that secular terms (115) do not survive for a gradiometer following the circular equatorial orbit in Kerr spacetime, see Eq. (39). Moreover, GR predicts that even off the equatorial plane the (gravitoelectric) geodetic secular term does not survive for a spherical orbit; however, the gravitomagnetic secular term remains in this case, see Eq. (140). To arrive at these conclusions as well as the precise form of the Mashhoon-Theiss effect in this case requires detailed evaluation of R0â0b within the framework of GR, see Eqs. (137) and (138).
VI. MASHHOON-THEISS EFFECT
The Marck tetrad frame that we have used in this paper to illustrate the Mashhoon-Theiss ("M-T") effect is unique up to a constant rotation of the spatial frame. Thus up to such a rotation, the M-T effect is given by the off-diagonal terms in the tidal matrix (106) given by
where Ξ is defined by Eq. (103). The remarkable property of such basically relativistic terms is that their amplitudes are independent of the speed of light c. Let us write these terms in the form
These expressions indicate the presence of a beat phenomenon involving frequencies ω and ω 0 with a beat frequency
This Fokker frequency (≈ 3 u ω 0 /2) is the gravitational analog of the Thomas precession frequency; that is, the gravitoelectric Fokker precession is the geodetic precession frequency of an ideal gyroscope on a circular orbit in the field of a spherical mass M . In this paper, we have used the approach developed by Marck [17] to illustrate the M-T effect. However, the original work of Mashhoon and Theiss [12] was done before the work of Marck [17] and involved finding the solutions to the equations in display (3) using a linear perturbation treatment. In the extensive calculations that had to be performed, one could see explicitly that the new effect came about due to a small denominator phenomenon involving the beat frequency ω F in the calculation of the frame that is parallel transported along the orbit. That is, the near commensurability of frequencies ω and ω 0 led to a small divisor that is ultimately responsible for the M-T effect. The phenomenon of small divisors is well known in celestial mechanics, since Laplace in 1785 elucidated the commensurability of the mean motions of Jupiter and Saturn about the Sun.
In connection with the origin of the M-T effect, let us first note that it is not intrinsic to the Kerr field; that is, the curvature of the Kerr field does not exhibit such a phenomenon, see Appendix B. The measured components of the curvature tensor basically involve the curvature tensor projected onto the tetrad frame of the observer. The small denominator ("resonance") phenomenon involving ω and ω 0 described above that underlies the M-T effect must therefore originate in the parallel-propagated frame of the tilted spherical orbit, as there is no trace of a beat phenomenon in the orbital equations. The off-diagonal terms (116) are essentially "Newtonian" in the sense that they do not vanish as c → ∞; therefore, they can be combined with the diagonal Newtonian part of the tidal matrix via a constant rotation such that at any given time the amplitude of the M-T effect can be reduced to zero. However, the tidal term then exhibits a beat phenomenon; that is, it is oscillatory with increasing amplitude and achieves its full
where ǫ, 0 < |ǫ| < 1, is proportional to a = J/M and hence will be treated to linear order. Under such a rotation R,
To linear order in a, the only terms in E ′ that are different from E are the following off-diagonal terms
Let us write ω = ω F + ω 0 , where ω F is the Fokker frequency and note that Ξ = Ξ 0 sin η, where
If we choose ǫ such that
then, we find
where the amplitudes of the "fast" variation, with twice the Keplerian frequency, are given by
It follows that Eqs. (128) and (129) can be written as
The amplitude of the M-T effect is proportional to
which vanishes at τ = 0 and becomes unity at half the Fokker period, i.e., at proper time τ = π/ω F . Indeed, for a near-Earth orbit, ξ ≈ 3 × 10 −2 and the Fokker period 2π/ω F is about 10 5 years. For ω F τ ≪ 1, we have
so that for τ ≪ ω −1 F , Eqs. (132) and (133) can be written as
These results clearly bring out the short-term secular nature of the M-T effect that would be useful in any gravity gradiometry experiment. It is interesting to compare the dominant amplitude of the short-term secular M-T effect in Eqs. (137) and (138) F , the M-T effect increases linearly with time, which is important for the experimental detection of this gravitomagnetic effect.
A. Physical Interpretation of the M-T Effect
The M-T effect has been discussed by Anandan [21] , Gill et al. [22] as well as Blockley and Stedman [23] . More recently, the M-T effect has received attention in connection with future satellite gradiometry experiments [24] [25] [26] . It is therefore useful to recapitulate here the main features of the M-T effect that have been demonstrated in this paper.
For a gravity gradiometer on an inclined "circular" orbit about a central slowly rotating mass, the M-T effect shows up in the gravitomagnetic part of the relativistic tidal matrix when the local spatial frame is parallel transported along the orbit. The nonrotating frame is fixed up to a constant rotation; therefore, the appearance of the M-T effect can be adjusted by a constant rotation of the local frame.
The M-T effect involves a subtle beat phenomenon involving the Fokker frequency ω F = ω − ω 0 , which corresponds to the geodetic precession frequency of an ideal gyro on a circular orbit about a spherical mass.
Suppose that by a constant rotation we set the M-T effect equal to zero at τ = 0. The M-T effect then consists of periodic terms that appear in certain components of the relativistic tidal matrix with an amplitude proportional to
where ξ = J/(M r 2 0 ω 0 ) is independent of the speed of light c. The Fokker period for a near-Earth orbit is ∼ 10 5 years. In any gravity gradiometry experiment, τ ≪ 2π/ω F ; therefore, over the short term, the M-T effect appears as a first post-Newtonian secular gravitomagnetic contribution to the relativistic tidal matrix with amplitude
cf. Eqs. (137) and (138). The corresponding secular term in the spatial frame is consistent with the first post-Newtonian gravitomagnetic precession of the frame [20, 23] . It is possible to identify and study the gravitomagnetic terms proportional to ξ in the parallel-propagated spatial frame that are responsible for the appearance of the M-T effect in the relativistic tidal matrix-see, for instance, Ref. [20] . Such terms are not, however, of interest experimentally, since the relevant long-term periodic motion of the parallel-propagated spatial frame along the tilted spherical orbit clearly goes beyond the short-term gravitomagnetic precession that has been verified by the GP-B experiment [10] . The whole long-term motion of the frame is a periodic gravitomagnetic nodding and has been termed "relativistic nutation" [20, 27] .
As already mentioned, the calculations by Mashhoon and Theiss [12, 28, 29] that originally led to the M-T effect were rather long and cumbersome. As Mashhoon and Theiss [12, 28, 29] worked in the post-Schwarzschild approximation, thus taking the mass M of the source into account to all orders but the angular momentum J only to first order, the same long-period results could presumably be obtained from the summation of an appropriate post-Newtonian series. To circumvent the details of the calculations, but illustrate how the small divisor ("resonance") phenomenon could possibly produce the effect, Gill et al. developed a simple model of the M-T effect [22] . We only wish to illustrate here the essential shortcoming of this approach, which has been recently adopted by Xu and Paik [24] with erroneous results.
To illustrate the approach adopted by Gill et al. [22] , consider the equation for the parallel propagation of a component of the spatial frame to first post-Newtonian (1pN) order. Gill et al. propose to integrate this equation exactly; indeed, their "explanation" of what they called "the Mashhoon-Theiss "anomaly"" is based on this exact solution of an equation that is valid only at the 1pN level. But in writing the original 1pN equation, they neglected  the 2pN, 3pN,. . . , terms, so that the only physical content of the correct solution of this equation should remain within the 1pN approximation scheme. Their exact solution is not logically consistent; hence, they do not have a correct explanation of the long-period M-T effect. Their contention that "there is no "new" relativistic (resonant) effect related to rotating masses" (Gill et al. [22] , penultimate sentence of their abstract) is therefore erroneous.
More recently, Xu and Paik [24] erroneously claimed the existence of secular gravitoelectric terms in the relativistic tidal matrix due to the geodetic precession of the frame, see Eq. (22a) in Xu and Paik [24] . However, it follows from Eq. (106) that there are no secular gravitoelectric contributions to the tidal matrix; in fact, for a = 0, the relativistic tidal matrix is simply periodic in τ with frequency 2 ω 0 , see Eq. (39).
C. Detection of the M-T Effect
The M-T effect is not an anomaly; indeed, as demonstrated in this paper, it is a direct consequence of general relativity within the post-Schwarzschild approximation scheme. In any experiment involving the Earth's gravity gradients, for instance, the mass and angular momentum of the Earth will naturally contribute to the result of the experiment to all orders. The M-T effect is based on the exterior Kerr spacetime linearized in angular momentum. To go beyond the linear order in angular momentum is conceptually straightforward, but our preliminary considerations indicate that it would involve rather long and complicated calculations. Such an endeavor is beyond the scope of the present work.
To compare the M-T effect with observational results in gravity gradiometry, it is necessary to take advantage of the fact that the predicted result is unique up to an arbitrary rotation of Marck's tetrad frame. Once the initial directions of the gyros are chosen as in, say, Marck's frame, it is necessary to introduce possible errors in the orientation of the orthonormal frame characterized by dimensionless parameters ǫ i , for i = 1, 2, 3, as illustrated in Eq. (122) for the simple situation considered above. The M-T effect should then show up in time as a secular modulation of certain periodic terms of the relativistic tidal matrix.
VII. POST-SCHWARZSCHILD APPROXIMATION
Gravitation can be identified with the curvature of spacetime according to the general theory of relativity. The weakness of the gravitational interaction therefore makes it possible in most situations to treat gravitation as a small perturbation on flat Minkowski spacetime. The Newtonian approximation emerges as the zeroth-order perturbation that is independent of the speed of light. The post-Newtonian (pN) corrections then provide an approximation scheme for the weak-field and slow-motion situations in which the prediction of relativistic gravitation can be compared with observations. The pN framework has been employed in a wide variety of problems and it is widely expected to be adequate for the theoretical description of the results of experiments for the foreseeable future. In certain special circumstances, however, other approximation schemes can be developed; this paper has been about one such possibility, namely, the post-Schwarzschild approximation and the comparison of its results with the pN framework.
Gravitational phenomena in the exterior vacuum region of an almost spherically symmetric mass distribution can be described in a post-Schwarzschild approximation scheme, since in the absence of any deviation from spherical symmetry the exterior field can be uniquely described by the Schwarzschild spacetime. For instance, if the central mass is slowly rotating, the Thirring-Lense term can be treated as a first-order perturbation on the Schwarzschild background. Therefore, in the first post-Schwarzschild approximation the proper rotation (or oblateness) of the body is considered to first order whereas the mass of the central body is taken into account to all orders. Compared to the standard pN approximation, the nonlinear character of general relativity is more strongly reflected in the postSchwarzschild scheme. Mashhoon and Theiss developed the post-Schwarzschild approximation for the investigation of the relative (i.e., tidal) acceleration of two bodies orbiting a rotating central mass [12, 28, 30] . The results have been used for the analysis of the tidal influence of the Sun on the Earth-Moon system [20, 27, 29, 31, 32] .
The results of the post-Schwarzschild approximation described thus far pertain to a first-order rotational perturbation of the background Schwarzschild field. The question naturally arises whether similar results hold for other deviations of the source from spherical symmetry. In fact, most astronomical bodies are oblate. The effect of oblateness, treated as a first-order static deformation of the source, has been investigated by Theiss [30, 33] for the case of two test particles moving on a circular geodesic orbit of small inclination α about a central oblate body of mass M . In these calculations, the Erez-Rosen metric [34] linearized in the quadrupole moment Q has been employed. Theiss's calculations show that the contribution of the quadrupole moment Q of the central mass to the gravity gradient along the orbit contains a relativistic part with a leading amplitude of the form
which is similar to the case of gravitomagnetism, cf. Eq. (139), and shows a temporal variation with a frequency comparable with the Fokker frequency. This new relativistic effect can also be explained by the occurrence of a small divisor which shows up in the solution of the parallel transport equations [30, 33] . For τ ≪ 1/ω F , the above amplitude reduces to a Newtonian expression of order αGQω 0 τ /r 5 0 . It should be mentioned that, as in the gravitomagnetic case, the relativistic quadrupole contributions to the tidal acceleration strongly depend upon the choice of the local inertial frame of reference. In Ref. [33] , this frame has been chosen so as to cancel the resonance-like terms in the tidal matrix at τ = 0. Further discussion of this effect is contained in Ref. [32] .
VIII. DISCUSSION
In relativistic gravity gradiometry, one measures the elements of the relativistic tidal matrix, which is theoretically obtained in general relativity via the projection of spacetime curvature tensor on the nonrotating tetrad frame of an observer. In a gravity gradiometry experiment on a space platform in orbit about the Earth, the mass M ⊕ , angular momentum J ⊕ , quadrupole moment Q ⊕ and higher moments of the Earth are all expected to contribute to the result of the experiment. For geodesic orbits in the exterior Kerr spacetime, Marck has calculated the relativistic tidal matrix [17] . We employ Marck's results in this paper to linear order in angular momentum J in order to determine the relativistic tidal matrix for an observer following an inclined "circular" geodesic orbit about a slowly rotating spherical mass M . The result is then used to illustrate the Mashhoon-Theiss effect [12] , which involves the longperiod gravitomagnetic part of the relativistic tidal matrix as well as subtle cumulative effects that can be measured in principle via relativistic gravity gradiometry. The substitution of t = (ω/ω 0 ) τ + a T in Eq. (50) simply results in the relation T = C τ , where C is a constant given by
where E = E 0 + a E 1 and we recall that E 0 = A 2 0 /N 0 . Next, Eq. (51) with r = r 0 implies that
where K = K 0 + a K 1 and we recall that K 0 = r 
Putting all these results together, we see that we have the solution for the orbit, but of the three unknown constants E 1 , Φ 1 and K 1 , only two are determined. To find the last remaining relation, we must go back to the geodesic equation Dλ µ0 /dτ = 0, namely, 
Substituting our solution in this equation, we find, after much algebra, that
With this additional equation, the spherical orbit is fully determined and we recover Eqs. (90) and (91). 
with respect to the canonical Petrov tetrad of the Kerr field [35] . Here,
